The equation
Introduction
Let Z represent the set of integers. A well-known equation of Goormaghtigh is given by x m − 1 x − 1 = y n − 1 y − 1 with m > 2, n > 2, |x| > |y| > 1, and m, n, x, y ∈ Z. (1) Due to the conditions that m > 2 and n > 2 in equation (1) , the recent trend toward using |x| > |y| > 1 instead of specifying that |x| > 1, |y| > 1 and x = y does not cause a loss of generality. However, it may be of interest to note that
Equation (1) has been studied extensively under the condition that x > y > 1 (see [1] , [3] , [4] , [5] , and [6] , to give just a few examples). The only known solutions (of the form) (x, y, m, n) under this condition are (5, 2, 3, 5) and (90, 2, 3, 13). P. Yuan [8] considered the special case of equation (1) given by x 3 − 1 x − 1 = y n − 1 y − 1 such that n > 3, |x| > |y| > 1, n, x, y ∈ Z, and 2 n.
He asserted that (5, 2, 5), (90, 2, 13), and (−7, −2, 7) are the only solutions (x, y, n) of equation (2) . However, we can easily generate three more solutions. Before we do so, consider the equation
The solution set of equation (3) is given by {(x, y) : x < −2, x ∈ Z, and y = −x − 1} due to the fact that equation (3) is equivalent to (x − y)(x + y + 1) = 0 under the specified conditions, and x = y. Thus, (−6, 5), (−91, 90), and (−7, 6), are solutions of (3), and it follows that(−6, 2, 5), (−91, 2, 13), and (6, −2, 7) are solutions (x, y, n) of equation (2) . The solution (6, −2, 7) was reported by A. Makowski and A. Schinzel [5] .
The main topic of this note is the equation
We have already dealt with the case in which n = 3. We will show that equation (4) has no solutions when n > 3. Before doing so, we present the following lemma.
Lemma 1.1. There are no solutions of
Proof. Suppose that (a, b, r) is a solution (x, y, n) of equation (5) such that a, b, and r are integers, a > 1, b > 1, and r > 3. If a ≥ b, then
which contradicts the assumption that (a, b, r) is a solution of (5); therefore a ≤ b − 1. Due to our supposition that (a, b, r) is a solution of equation (5),
Obviously, b + 1 divides b 2 − 1. If r is an even integer, then b 2 − 1 divides b r − 1 and it follows that the left-hand side of equation (6) is an integer, but the right-hand side is not. Therefore, r must be an odd integer, and we let r = 2k + 1 for some integer k such that k > 1. We will use mathematical induction to show that
is negative. When k = 2, expression (7) can be written as
which is negative, due to the fact that a−b ≤ −1. Now pick any integer k 0 ≥ 2 and assume that
is equal to
The parenthetical expression in (9) can be rewritten as
which is negative because a − b ≤ −1. Thus expression (8) is negative, our induction proof is complete, and therefore expression (7) is negative, which contradicts the supposition that (a, b, r) is a solution of equation (5).
If we replace the condition that n > 3 in equation (5) with n = 3, then the solution set is {(x, y, n) : x > 1, x ∈ Z, y = x + 1, and n = 3}.
The proof of corollary 2.2(A) in the next section can be easily modified in order to verify this result.
Main Results
At this point, the proof of the primary result is not difficult. Proof. Pick any integer r such that r > 3. Suppose that (x, y, n) = (a, b, r) is a solution of (4) such that a and b are integers and |a| > |b| > 1. Let
. It is easy to show that f (x) is increasing when x ≥ 2. Therefore a and b cannot be simultaneously positive. If x ≤ −2 and r is even, then f (x) is increasing; if x ≤ −2 and r is odd, then f (x) is decreasing (appropriate theorems from undergraduate calculus courses may be used to verify these details). Thus a and b cannot be simultaneously negative. Suppose that a ≥ 2 and b ≤ −2. If r is even, then f (a) is positive and f (b) is negative, which contradicts the supposition that (a, b, r) is a solution of (4). Therefore r is an odd integer. Let c = −b. Substituting (a, −c, r) into equation (4), we see that
Thus (a, c, r) is a solution of equation (5), which contradicts lemma 1.1. If we assume that a ≤ −2 and b ≥ 2, we will arrive at a contradiction to lemma 1.1 once again. Therefore, there are no solutions of equation (4) when n > 3.
Presently, the reader may be curious about solutions of equation (5) (B) Pick any odd integer r that is greater than 3 and set n = r. In this case, the solution set of equation (10) is given by {(x, y, n) : |x| > 1, x ∈ Z, y = −x, and n = r}.
(C) If n is an even integer greater than 2, then there are no solutions of equation (10).
Proof. (A) When n = 3, |x| > 1, and |y| > 1, equation (10) is equivalent to (x + y)(x − y + 1) = 0, and it easily follows that the solution set is C ∪ D.
(B) Let r be any odd integer greater than three. Furthermore, let n = r and u = −y. The equation in (10) becomes
Due to theorem 2.1, the only solutions of equation (10) in this case are of the form (x, −x, r).
(C) Let (x, y, n) = (a, b, r) be a solution of equation (10) such that the integers a and b satisfy |a| > 1 and |b| > 1, and the even integer r is greater than three. Once again, equation (6) holds true and the left-hand side of it is an integer. The right-hand side is an integer if and only if b is equal to −3 or −2. Mathematical induction proofs, similar to the one used in the proof of lemma 1.1, verify that there are no solutions to equation (10) when n is even, n ≥ 4, and y ∈ {−3, −2}. The details may be obtained from the author.
If the condition that n > 2 in equation (10) is replaced with n = 2, then y ∈ {−3, −2} once again; it follows that the only solutions in this case are
Additional Comments
At this point, we would like to briefly consider
Cases in which m = n have already been dealt with, so we will assume that m = n for the remainder of this paragraph. Under this assumption, there are no solutions of equation (11) with the property that |x| = |y|. When n is odd, the substitution y = −u leads us back to equation (1) . Indeed, each solution of equation (2) generates a pair of solutions for equation (11) due to the fact that both exponents are odd. For example, the solution (5, 2, 5) of equation (2) yields the solutions
Suppose that (a, b, r, s) is a solution (x, y, m, n) of equation (11) such that s is an even integer greater than two. Then To justify these claims, assume that (a, b, r, s) is a solution of equation (11) such that |a| > 1, |b| > 1, r > 2, s > 2, s is even and a, b, r, s ∈ Z. Substituting these values into equation (11) we see that
Due to the similarity of equation (12) to equation (6), we easily notice that the left-hand side of (12) is an integer, and it follows that b ∈ {−3, −2}. When b is equal to −3 or −2, (b s + 1)/(b + 1) is negative; thus r is even and a ≤ −2. Furthermore, a is even, due to the fact that (b s + 1)/(b + 1) is an odd integer when b = −2 or b = −3. Additionally, when we substitute (a, b, r, s) into equation (11) and subtract 1 from both sides, we obtain
When b = −2, it is easy to observe that 4 does not divide the right-hand side of equation (13); thus 4 cannot divide a. When b = −3, the right-hand side of equation (13) can be written as −3(3 s−1 + 1)/2. Due to the fact that s − 2 is even, 4 divides 3(3 s−2 − 1)/2; thus 4 cannot divide the next even integer, which is (3 s−1 + 1)/2. Consequently, 4 cannot divide a when b = −3. Lastly, proving that there are no solutions when (a, b) = (−2, −2), (−6, −2), or (−6, −3) is straightforward; there are no solutions if (a, b) = (−2, −3) because 2 r+1 − 3 s+1 = 5 has no solutions when r and s are greater than two and s is even, due to a result established by R. Scott [7] . The details for these four cases may be obtained from the author. Thus a ≤ −10. To the best of the author's knowledge, no solutions of equation (11), such that the value of n is even, have been discovered to this point. Now suppose that we replace the condition that n > 2 with n = 2 in equation (11). It is not difficult to show that the only solutions are given by
Finally, we will make a few comments about the equation
with m > 1, n > 1, |x| > |y| > 1, and m, n, x, y ∈ Z. (14)
Including the condition that |x| > |y| > 1 instead of requiring that |x| > 1, |y| > 1, and x = y does not cause a loss of generality. If the exponents m and n are odd, then the substitutions x = −t and y = −u reveal that equation (14) is, in effect, a special case of equation (1) . As expected, any solution of equation (2) provides us with a solution of equation (14). For example, the solution (−7, −2, 7) of equation (2) yields the solution (x, y, m, n) = (7, 2, 3, 7) of equation (14). When m and n are even, x and y have the same sign (positive or negative), and the equation in (14) can be expressed as
Obviously, the left-hand side of equation (15) is an integer. Recalling that x = y: If x and y are greater than one, then the right-hand side of (15) cannot be an integer. If x and y are less than negative one, then (x, y) = (−3, −2) and the equation in (14) can be rewritten as
Due to a result that was proved by Levi ben Gerson [2] , the only solution of equation (16), when m ≥ 2 and n ≥ 2, is (m, n) = (2, 2). Thus, the only solution (x, y, m, n) of equation (14) such that m and n are even is (−3, −2, 2, 2). If exactly one of the exponents, m or n, is even, then there are no solutions of equation (14) . To justify this claim, first suppose that there is a solution of (14) such that m is odd and n is even; let t = −x. Then the equation in (14) can be written as t m − 1 t − 1 − y n − 1 y + 1 = 2 y + 1 .
Due to our analysis of equation (12), we know that m must be even in equation (17), and we have a contradiction. If we assume that m is even and n is odd, we arrive at a similar contradiction concerning n. Therefore, the only solution of equation (14) such that m or n is even is given by (−3)
At the risk of being pedantic, when m = n = 3, the solution set of equation (14) is {(x, y, m, n) : x > 2, x ∈ Z, y = −x + 1, m = 3, and n = 3}.
Due to theorem 2.1 and results given in the paragraph that presents equation (14), there are no solutions of equation (14) if m = n and m > 3.
